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Abstract
-

fClouds of points appear in several practical problems. One important
application of adaptive approximation is tting (hyper-) surfaces to a given
point cloud data. Typically, the data is corrupted by noise which requires
use of statistical methods. Thus, the approach to solve the problem could
be viewed as a melding of deterministic and stochastic ideas. Many of
the solution methods are part of Learning Theory which attempts to nd
the relationships in given data set in order to make predictions on future
data. We can consider the point cloud as a collection of independent
random samplings from an unknown probability distribution Y2 The goal is
to nd a reliable approximation to different numerical characteristics of the
point cloud without any a priori assumptions about %2

One particularly important problem is to approximate the regression

function f1,: X | Y. For example, consider data points (X; Yy) from which
X is easy to collect and Y is a value we want to know. The function f {X)

Lgives the expected value Yy (the average outcome) for a given X.
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Point Cloud Data
-

® Datapoints Z = f(X1;V1); (X2:¥2); 25 (Xmi Ym) O

® Theset X = fX1:X2 Xm0 ¥ X % IRY could be
considered as independent drawings from a probability
measure Y

® Each y; represents avalue f (Xj) of a function
f:X1Y

® Ingeneral Y % IRY but typically d®°= 1 and
Y Y2 [i M;M] for some (given) constant M

Task: For each query X 2 X nX return f(x) ¥af (x)

o |
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Point Clouds

Given data set Z = fZi 9{21 of 3D points Zj. Nothing
IS known a priori about the distribution Y of the points.

Often Zj = (xi;yi) represents an unknown functional
surface T : Xj are 2D postings with values of the hight V/;

AFL/MNG VEAA Data Set #1
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Approximation Classes

-

f X1 Y X 15 RY Y 15 RY

X
usually the approximant is in the form 5 = o

bZQ

# linear approximation: =© is xed
# nonlinear approximation: “best” o .o® with #o - N

# N — number of degrees of freedom

© a
# approximation class: A°:= f :9C ¥ (f)- CNI?>
where %4 (1) = #ian kf i ok isthe best N -term approximation;

L forany f 2 AS we have kf | fiyk= O(N' %) J
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Topography of smoothnesspaces

stt +

-

Embedding /"'(Sl ope d)
in X .’
No embedding
in X

‘ O(N -t/d )
Nonlinear

X : measurement of the error
(sderivativesin Lp)

i : >
1p 1/g=1/p+t/d L spaces
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Example: A Toy Problem
-

Target function: f 2 L, [0;1]

Piecewise constant approximation on N intervals: f¥
Error measured in L1 [O; 1]

Z

# Linear Approximation

fO2 L1 [0;1] ) ki fruks - Niltkf%

# Nonlinear Approximation

f02 L4[0;1] )  kfj fuky - NitkfY%,

/1
L kuk; :=  ju(x)jdx kuk; = sup ju(x)j J

0 x2[0;1]
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Linear vs Nonlinear Approximation

| 3 0o |

_ o _ f7- piecewise constant, N pieces,
Linear Approximation Sy = 7 ©, *n
x ed breakpoints N k=0

I ©

_ o - piecewise constant, N pieces,
Nonlinear Approximation 8y =

arbitrary breakpoints  f X QE :il .

L 0 X1 X Do Xni1 1 J
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Approximation of Functions

fUniversal set @ = fA g ,,. with index set a? T

X
Linear Approximation:  f = c A o IS Xed.

>2Q

for a given set @ with #2 = N nd constants C
so that kf | fKis as small as possible

X
Nonlinear Appr oximation: == C A g can vary.

."ZQ

nd aset @ oo? with #o N and constants C

so that kf | fK is as small as possible

LData organization A structure of & Y4 ao”

|
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Nonlinear Adaptive Approximation

o N

. £ o .
Dyadic Intervals : | = X; &1 Associated Tree

[0.,1]

[0,1/2] [1/2,1]

[0,1/4]/ [1/4,1/2]

[1/4,3/8] [3/8,1/2]

_— [1/4,5/16] [5/16,3/8]

o
NP
o|w
N |~
|_\

[5/16,11/32] [11/32,3/8]

o |
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N -term vs TreeApproximation

-

N -tegm Approximation Trﬁe Approximation
f~= cA #o . N f~= cA #¢- N
, 28 . 2¢

-

/

/A N AN

\_ o can be any ¢, must be a tree, J

set of intervals.
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Wavelet Representations
o€ |

Featured Applications: Image Compression (JPEG 2000) and Numerical P

wavelet representation — the in nite index setisatree ©” = T~

X "
f = f A
,2a7
best N -term approximation
o X
Y (F)x = inf °f j f A?¢
albo?: #o . N - s y
best N-term tree approximation
| S S
Y6 (F)x = Inf °f j f A?

T is a subtree of T?: #T- N e
L 2T X J
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BestTreeApproximation

A N

pproximation space
1/2 3/4
A = F2X 1 kfkas := Sltljp NS% (f)x <1

Theorem [Cohen, Daubechies, Dahmen, DeVore]
compact embedding A tree approximation is optimal

e.g. X = W'(Lg) — functions in IRY with t derivatives in L,

.1 1
WHSI(Lg) Y2 Afye(r,y f g St 3

U — unit ball in W s9(L )

L sup¥g (f )x - const sup¥u (f )x J

f 2U f2U
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Smoothnessspacesfor tree approximation

. N

)
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Advantagesof TreeApproximation

o N

# an efcient encoding of indices
® inimage compression A embedded zero-trees
# Jocallyre ned meshes ! trees

# still essentially optimal convergence rates and optimal
complexity rates

o |
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.

What could be improved?

-

for f 2 U A5 the estimate is only for the whole
class U (i.e. worst case scenario)

the goal is to achieve instance optimality

kf i fkx - const ¥ (f)x

? choose the largest coef cients and complete to a tree
A not good

? examine all cases A complexity exponential in N

the complexity of the algorithm should be linear in N J
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Typical Adaptive Algorithm
-

We want to nd a partitioning of the domain X by
subdividing it into cells (cubes, tetrahedra, etc.)

o for each cell de ne control parameters
(error of approximation, number of points, etc.);

# split/merge conditions to determine the local depth of
resolution;

# assign values based on the data,
or (if the information is not suf cient) indirectly to
preserve some properties (e.g. monotonicity);

# nd the balance between the resources (memory, time)
and the precision.

o |
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Learning Theory
-

The goal of Learning Theory is to nd the relationships in T
given data set in order to make predictions on future data.

It is an area of nonparametric statistics which assumes no
knowledge of the underlying probability distributions.

Three basic problems in learning:
#® Classi cation has the goal to separate the data points into two
(or more) classes;

#® Regression nds the mapping ¥ = f (X) based upon the
random observations of input vectors X; 2 X and output vectors

yi 2 Y identically distributed according to a probability measure
Yoon L = X £ Y,

#® Density Estimation attempts to learn the measure %z itself.
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A Learning Problem - Example

o N

# Bank to make loans and predict success



A Learning Problem - Example

o N

# Bank to make loans and predict success

# Individual comes in and answers questions: age,
Income, etc.: x(1);:::;x(d)
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A Learning Problem - Example

o N

# Bank to make loans and predict success
# Individual comes in and answers questions: age,

# Bank has history of loans: a collection Z := f(x;yi)gi%,

o |
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A Learning Problem - Example

o N

# Bank to make loans and predict success
# Individual comes in and answers questions: age,

# Bank has history of loans: a collection Z := f(x;yi)gi%,
® VY prot orloss from loan

o |
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-

A Learning Problem - Example

-

# Bank to make loans and predict success
# Individual comes in and answers questions: age,

# Bank has history of loans: a collection Z := f(x;yi)gi%,
® VY prot orloss from loan
® given X there are many Y for this X

|
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A Learning Problem - Example

-

°

Bank to make loans and predict success
# Individual comes in and answers questions: age,

# Bank has history of loans: a collection Z := f(x;yi)gi%,
® VY prot orloss from loan
® given X there are many Y for this X

#® Two problems:
» 1o estimate expected prot for a given x Regression
» to decide whether to give a loan for this x Classi cation

o |
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RegressionProblem

X — nite domainin IR
Y — bounded setin IRY
>, — a probability measureon Z = X £Y

regression function f.{x) — the conditional
expectation of the random variable y at x

TAX) =y dARy|X)
Y
“yjx) — the conditional probability measure on Y with respectto x

© o o o

Problem: Find an estimator f, for f., based on a vector
Z = (z1;::7,2m) 2 Z™ of m independent random observations
in = (Xi;vi), 1 = 1;:::;m identically distributed according to 1/2J
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Empirical Solution
- z -

f.,,:= argmin E(f), where E(f):= jyi f(x)j°d¥
f2L2(% )

Empirical Problem:

X 2

f, ;= argminE (f), where E/(f) :=

1
L )
gn — Vi (Xi)]

=1

Hypothesis Class H — depends on N parameters

Error estimates in terms of the sample size m

a

© , i
Prob kfiy,i fzKi,ms) ., or E kfwj fzki,es)

Note: The underlying probability distribution %2is unknown
L and no assumptions are made J
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A strategyfor constructing f >

-

#® Choose set H to provide approximation f,

® Let fy bethebest Lo(X;Y) approximationto fu
kf 14| fH k = d|St(f 1/, H)Lz(X s )
kf,j f |<f1/2 k} |<fH. f, k2

BIAS VARIANCE
“=7f f1/2i fH ? H

L’ Making H larger makes Bias smaller but Variance IargerJ
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Random Obserwations

0.8

. oo Y
-0.2 il Gl ™ N
i i N\
< ..2-. ~\.
04" . "\
o
0.6 i
0.8 |.
_ | | | | | | | | |
-1 -0.8 -0.6 0.4 -0.2 0 0.2 0.4 0.6 0.8

1000 sample points
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-

.

Approximation using 16 parameters

0.3

0.051

or
1 1
1 0.8

I I I
2 0 0.2

1 000 000 sample points

-



Approximation using 32 parameters

o N

0.3

0.051

L 1 000 000 sample points - J



Approximation using 64 parameters

o N

0.3

0.25

0.2

0.15f

0.1

0.051

L 1 000 000 sample points -  Good t J
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Approximation using 128 parameters

o N

0.3

0.25

0.2

0.15f

0.1

0.051

L 1 000 000 sample points - Best Fit J
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Approximation using 256 parameters

o N

0.3

0.25

0.2

0.15f

0.1

0.051

L 1 000 000 sample points - Over tting J



Approximation using 512 parameters

o N

0.3

25| i
0.25 il i
02 L H'JH

al ] |1|‘L

J"‘n." ; "‘lu“ ‘w' T‘
0.1 ‘-HI‘ W 1““ / N\ -

W ,
0.05f M \ .

L 1 000 000 sample points - Over tting J
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Approximation using 1024 parameters

-

.

0.3
0.25
0.2
0.15f
0.1

0.051 ’ “4

0

I I I I
1 0.8 0.6 0.4 0.2

1 000 000 sample points

I
0

I
0.2

I I I
0.4 0.6 0.8 1

Severe Over tting

-

|
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What we need?
-

optimal balance between approximation error, reliability,
and complexity

distribute the parameters wisely — nonlinear
approximation — adaptivity

the algorithm should be able to work without any a priori
knowledge of the underlying probability distribution
— distribution free

theoretical estimates that guarantee the performance

on-line processing — new data does not require
starting computation anew (as for RBF and NN) J
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Adaptive Learning

o N

CART Algorithm
[Breiman, L., J.H. Friedman, R.A. Olshen and C.J. Stone (1984)
Classi cation and regression trees, Wadsworth international, Belmont, CA|]
tree structured splitting procedure
minimize: hErrori + ' hComplexity Penalty i

Adaptive Partitiqying
2 wavelet-like decomposition f = » (F)A

~

2 A are unknown but can nd estimates for j» (f)]
2 threshold: =(";f)="f, :j» (f)j, "9

2 complete =(";f) toatree ¢ withleaves XL(g,)

2 compute empirical coef cients € (Z) for c (f)A

L 2L (¢) J
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Universal Estimators

-

# universal estimators: no a priori knowledge about
f1, needed

# optimal rates for wide range of prior classes embedded
in Lo(Y)

# computational ef ciency

# adaptive tree structure: on-line computations possible

[Binev, Cohen, Dahmen, DeVore, Temlyakov] Universal algorithms in learning
theory - Part | : piecewise constant functions, JMLR 6 (2005), 1297-1321.

[Binev, Cohen, Dahmen, DeVore] Universal algorithms in learning theory - Part
\—II . piecewise polynomial functions, Constructive Approx. 25 (2007), 125-152. J

LEARNING THEORY or how to extract knowledae from data — p. 34/62



Trees

» T — atree with leaf nodes L (T)

o propertree T : L(T) ! partition ©
® local errors ¢ atnodesnodes ¢ 2 T
X
# totalerror E, = E(T) = e | Bias
¢ 2L (T)

® ey (Z) - statistical estimate for the local error

® thresholds V¢ suchthat je; | e (Z)] < Vg
with high probability
X
o V, = Ve ! Variance

L ¢ 2L (T) J
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Adaptive Subdivision

o o g o o o @ j O 0O o o o 0

0O0O0o0aQ o O o T O e O O O o O Y o o o O O o I O o O o Y

LTO decrease the error 5 we subdivide the marked node J
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Balancing the Bias and the Variance

- N

0O0O0o0aQ o O o T O e O O O o O Y o o o O O o I O o O o Y

LFor the new partition o, we have E,, - E but V., > V; J
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Adaptive Tree Algorithm - Theorems

-

f [Binev, DeVore, 2004] Fast Computation in adaptive tree approximation
Numerische Mathematik (2004) 97. 193-217

Theorem 1 Let % (T):= #Lr(qi)n N E(T) be the best N -term tree

approximation. Then, there is an absolute constant C; > 0 such that at
each step the output tree T of the AbpapTivE TREE ALGORITHM Satis es

E(T) - C.%(T) whenever N - #L(T)=(2K + 2).

Theorem 2 [2007] Letthe local errors e(¢) in T satisfy the
subadditivity condition. Then at each step of the New TrRee ALcorITHM the
output tree T satises

s : _ _ 1
E(T). 1+ minfN;2(N i Ng)g

#L(T); N+ 1

Yo (T)

Lwhenever N - #L(T) and Ng is the size of the initial partition. J
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The ldea
-

use empirical errors e; (Z) for the local error in the tree
algorithms

nd the nggr-best tree for the global empirical error
E.(Z) = e (£)
¢ 2o

use concentration of measure inequalities to estimate
locally the true error via the empirical error

a 2

© o om 2
Prob je; | e (Z2)] > . 2€' w2 (1)

foreach ¢ nd an appropriate threshold “2 =: vy for
which the probabillity of a failure is suf ciently small J
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Algorithm: Basic Steps
-

Let +> 0 be a given maximum probabillity for a failure.

-

# (1) start with the tree for some Iinitial partition @ = L(T)
® (2) foreachcell ¢ 2 o calculate v such that the

+

probability for je; | e; (Z)] > v¢ Islessthan -

L X 1 X
® 3) If Ve > 5 ec (Z), then stop
¢ 20 ¢ 20

® (4) calculate modied error indicators e; (Z) and mark
cells for re nement

# (5 re ne and complete the new partition ©
® (6) calculate e; (Z) and vg as in (2) for the new cells

L and go to (3) J
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Global Estimate for the TreeAlgorithm

| X Z -

Global error: E; = e, & = jyi f(X)j°d¥
¢ 2o ¢
X 1 X ,
Empirical error: E.(Z) = e (Z), e (Z2) = — 1Vii (X))
¢ 2a Xi2¢

Theorem 3 Suppose © is an adaptive binary partition of
X obtained by the Tree Algorithm such that E.(Z) = "~

and #(a) = 4N. Let oy Dbe the best possible partition of
size N that minimizes E.. Then,
Y5 Y4
Prob EDN < iIE;ED . @ cm’ 2

Lwhere C = const :SlgTNz with M being the range of v. J
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Example

o N

# This is a set of functional 3D data points received via
ladar from a plane.

# Total number of points in the set » 7; 400 000gathered
during six ights .

# Total time to process the points » 150seconds on a
standard PC.

o |
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int Cloud

Po
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Surface
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High Dimensions

o N

How to apply these results
for large dimension d ?

kf i fnk= O(N'">) for f 2 A° where S = r=d with
I being the smoothness of the approximation class A°

Example from Climate Modelling:

LFind f : R??°1 R*3 using m = 98 304 training points N



Curse of Dimensionality

o N

no chance for good approximation, if the distribution
Y2 of the points of interest has full dimensionality

how to nd an approximation which is good in the
regions of concentration of %2 using only the
iInformation received from the point cloud

Learning Problem: approximation with respect to a
norm generated by the unknown probability measure Y2

how to de ne/calculate the approximation

o |
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Example: Interpolation of a Point Cloud

o N

... or should we relate the complexity of the partition
with the degrees of freedom?

Given an adaptive partition procedure for the domain X nd a
piece wise linear contin uous interpolant to an (arbitrar y) collection
of M points from X.

onthe line — requires - Cm Iintervals, where
C depends on the distribution of the points

for X 2IRY — needs a partition with number of cells
exponential in d ... but often md << 2¢

To reduce the diameter of a cell twice we have to introduce 29 descendants!

o |
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What 1s a function?

o N

... forany x 2 X itgives avalue y = f{x)

Find a procedure f{X) (based on point cloud data)
with the following properties:

uses limited amount of precomputed guantities

preprocessing step requires reasonable amount of time
and other resources (memory, processing units, etc.)

allows streaming data acquisition without signi cant
effect on the performance

fast computations for each query x
L good error/reliability estimates J
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Tree for a Partition

N o o o @ N O 0O O o0 0O 0O

0Oodao Dodoodoodoododao Dodoodoododaodao
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Occupanc y Tree

I\ I S R S S S
4 C) o o o o @ @ o o o o o 0
R GO T G I
nana@hnanananananam@nananananana
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Sparse Occupanc y Tree

O o o o O o

OOO0ODO0ODOODOOOOO OO OO
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SparseOccupancyTrees

-

Special indexing of the objects that allows fast access and
cross level communications in multiresolutional settings
(applications include very high dimensional problems > 100

-

adaptive space partition that keeps the information at
the level of detall (just) necessary for the problem to be
solved,;

key-words: one letter for each level to show the position
Inside of the parent cell on that level;

complexity is limited by the number of points;

the memory is limited by the number of occupied cells
at the nest level,;

If required, only a small part of the point cloud can be
~ keptin the fast memory. o
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Hypercubes— piecewiseconstantapproximation

o N

re nement: subdivide each cube into 2° subcubes
use a sparse occupancy tree

store the data points in a special order — the points Iin
each occupied cube form an interval in the list

for any given X the approximation of f (X) is the

average of the data values from the smallest occupied
cube which contains the point

very fast method — takes minutes on a desktop PC to
process the data

in the TReEe ALcoriTHM #4  stands for the number of
occupied cubes Iin the current partition

o |
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-

Hypercubes— problems

-

the accuracy is not very high
the approximation depends heavily on the partition

for more than half of the test points the corresponding
occupied cube is the root of the tree

Improve the approximation using information for
neighbors: equivalent to a problem believed to be NP hard
partial solution: use only neighbors from the parent cube

Improve the approximation using random rotations and
translations of the grid and then average the results:
similar to Random Forest "M —too slow
partial solution: combine the results using weights
depending on the local reliability of each particular

approximation J

LEARNING THEORY or how to extract knowledae from data — p. 54/62



Hypercubes— algorithms

o N

for each query point nd the smallest occupied
hypercube that contains it and calculate the average
value for the training points in that hypercube;

o |
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Hypercubes— algorithms

-

for each query point nd the smallest occupied
hypercube that contains it and calculate the average
value for the training points in that hypercube;

create several runs by shifting the coordinate system
for X and combine adaptively the results;

|
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-

Hypercubes— algorithms

-

for each query point nd the smallest occupied
hypercube that contains it and calculate the average
value for the training points in that hypercube;

create several runs by shifting the coordinate system
for X and combine adaptively the results;

reorder the x-coordinates by their importance (based
on the correlation coef cients) and then create a binary
tree (by splitting the hypercubes into hyperrectangles
one dimension at a time);

|
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-

Hypercubes— algorithms

-

for each query point nd the smallest occupied
hypercube that contains it and calculate the average
value for the training points in that hypercube;

create several runs by shifting the coordinate system
for X and combine adaptively the results;

reorder the x-coordinates by their importance (based
on the correlation coef cients) and then create a binary
tree (by splitting the hypercubes into hyperrectangles
one dimension at a time);

variations of the above without reordering of the
x-coordinates but counting the proximity of the occupied
subcubes of the smallest occupied cube of the query to

Its (unoccupied) subcube; J
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Hypercubes— error distrib ution

The results from several runs in which the x-coordinates are shifted are combined using the
average value at the training points in closest nonempty neighborhood of the query point to
estimate the value at it. the histograms show the distribution of the size of the error at the

points for a single run, for 17 prescribed shifts and for 400 random shifts, respectively:

The counts for the rst ten bins for a single run, 17 shifts, and 400 shifts, respectively:
7082 4342 8073 12615 12078 10568 9621 8061 6017 4371
11269 7869 8750 10970 10465 9340 8794 7203 5526 4205

17684 13647 10108 10366 9429 8110 7048 5730 4114 2936
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The Problem of Neighbors
=

Neighborhood Problem. Given a set VV ¥ Z 9 of d dimensional
integer points and query pointw 2 Z9 nd the set
N(w):=(w+[j 19\ V.

There are several possible algorithmic approaches to solve this problem.
One can try to solve it exactly which in its full generality eventually would
require either -( N time for a single query or 2¢ 9 of space at the
preprocessing step (i.e it is NP-hard). It is shown that the problem of
nding a 3-approximate nearest neighbor (a slightly easier problem than
the one above) would have solved the following problem for which there
are some hardness results:

Subset Query Problem. Given N sets S;;:::; Sy such that

S % S := f1;::,dg, devise a data structure which for every

guery set Q Y2 S, does the following: If there exists S; such
Lthat Si Y2 Q then return S;, else return NO. J
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Other Problems

o N

What model to use for the error? — nd meaningful
criteria

How to embed this framework in a learning context
using statistical uncertainties?

How to generate higher order approximation?
— requires neighborhood information —
too many neighboring cubes with high tree distance

Improve the proximity relevance of the approximation by
using Sparse Occupancy Trees on Simplices — introduce
second layer of connectivity via simplex $ vertex links

o |
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Simplices— piecewisdinear approximation

-

re nement: oldest (“longest” in 3D) edge bisection
— de nition of edge age is based on special indexing of its vertices

sparse occupancy binary tree with depth
n = dlog"”] where " is the precision of the data

S - set of occupied simplices; Sy simplices from
S atlevel k or higher

V' —vertices of the simplices from S

values from V produce piecewise linear function

|
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Simplices— approximation scheme

o N

Ne(V)=fxi2 X\ S:v2S2 509 -
neighborhood of a vertex V which appears on or
before Ieveé K

<

average of y; for x; 2 Ng(v)
fk(v) ==

fr (V) if N(v) is empty

fo is the average of all data values

f is linear inside the simplices from Sy

effective computation of f,(X) — uses the values at
just n + d vertices of the simplices containing X

o |
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-

Simplices— algorithm

-

each simplex has an identi er consisting of

n = djlog"] bits and is found by twice that many
operations

the occupied simplices are sorted by their identi er

there are at most NM vertices of occupied simplices

except for the starting d+ 1 vertices, each new vertex
IS created as a midpoint of an edge — it can be identi ed
by the two end vertices of the edge

vertex identi er consists of 2log(nm) bits

all the computations of aggregated values at the vertices could be
performed in a need-to-know basis, if there is not enough storage

|
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Numerical Example

-

An arti cial problem in R29 where the data is uniformly distrib uted on a 5-dim sphere (Philipp Lamby)

Nearest Neighbor K Nearest Neighbors  Hypercubes Simplices
1,000 pts (k = 4) (52; 031 vert.)
RMSE 0:527611 0:430518 0:721518 0:336029
Bias 0:00555597 0:0094313 0:0114006 0:0160296
10,000 pts (k = 6) (509; 204 vert.)
RMSE 0:311792 0:216557 0:470635 0:167113
Bias 0:00324432 0:00364235 i 0:00292326  0:00338571
100,000 pts (k = 10) (5; 098; 232 vert.)
RMSE 0:175726 0:102961 0:282235 0:0725744
Bias 0:0000852738 i 0:00111303 i 0:00405443  0:00000259046
1,000,000 pts (k = 20) (50; 575; 929 vert.)
RMSE 0:099192 0:0481858 0:165599 0:0306846
Bias i 0:000334099 0:000327848 i 0:000128707 0:000265204

RMSE is the 2-norm of the error measured with a 10; 000 data points test set

- |
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is the diff erence between averaged functional values of the test set and its approximation
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